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振幅・位相ノイズによる確率共鳴-逆確率共鳴の転移現象の制御 

 
本学大学院情報工学研究院物理情報研究系の許宗焄教授が研究代表者を務める非平衡散逸系の研究グ

ループは、ノイズのポジティブ効果として知られている確率共鳴現象＊1を液晶の電気対流系＊2を用いて調

査しました。数値計算と実験調査から確率共鳴現象及び逆確率共鳴現象を自由に発生させたり両共鳴現象

を転移させたりする手法を発見しました。この手法は適切にカラー化した振幅と位相ノイズを絶妙に配合

する方式で、バイオテクノロジー、画像処理技術、センサ―工学などの多くの関連分野に応用が期待され

ます。 

 
 
 

  

 

 

通常、ノイズといえば不要な信号であり、その発生原因と除去方法の研究が求められます。電子機器な

どの誤作動をなくしたい、ノイズのない快適な環境で暮らしたいというのが我ら人間の願いであるからで

す。しかし、ノイズはそのネガティブなイメージばかりではありません。例えば、1/fノイズは扇風機の風
を自然の風のゆらぎに近い風へと変えるところに応用されています。また、普通は検知できない微弱な信

号に適切なノイズを加えることによって、その微弱信号を検出する確率共鳴手法は広く知られています。 

これまで物理、生物、情報、脳科学などの分野で確率共鳴現象（Stochastic Resonance, SR）と逆確率

共鳴現象（Inverse Stochastic Resonance, ISR）が発見され応用分野も多岐にわたっています。しかしな

がら、一つのシステムで SR と ISR を自由に発生させたり、両共鳴現象を転移させたりすることはできま

せんでした。その理由は通常の振幅型ホワイトノイズのみを使用していたからです。そこで、本研究では、
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振幅と位相の両ノイズをカラー化し適切に配合する手法を用いて、SR と ISR の調査を行いました。調査

で用いた液晶の電気対流現象はある電圧（Vc）以上で対流が発生します。その交流電界に振幅と位相ノイ

ズを乗せると、Vcは大きくなったり小さくなったりします。 

図(a)は振幅ノイズ強度 VNを変えながら Vcの変化を示したグラフであり、その実験曲線は上から順番に

位相ノイズ強度φN を強めながら測定した結果です。最大値を示すカーブが ISR に相当する振る舞いであ

り、図(b3)が対応する電気対流の様子を表しています。すなわち、ある電圧条件に発生した電気対流（図

中の縞模様）は、振幅ノイズ強度 VNを上げると消えたり、さらに上げると再び現れたりする、不思議な現

象が実験で確認できます。さらに、図(b2)は位相ノイズ強度φNを上げると電気対流が現れるが、さらに上

げると消えるという SR を示しています。これら SR と ISR を起こすノイズは、位相ノイズ強度φNを上げ

ると電気対流が徐々に消えていく図(b1)に示すような直感的なノイズのイメージと全く異なります。さら

に、図(a)は、最大値を示すカーブ ISR から最小値を示すカーブ SR への転移も示しています。これは SR

と ISRの研究において世界で初めて示された成果であり、今後、関連する様々な分野においても応用が期

待されます。 

このような発見に至った研究手法においてカギとなるのは、振幅・位相ノイズを適切にカラー化し配合

することです。本研究では、その配合によって、図(a)以外にも様々な閾値電圧 Vc の振る舞いについて数

値計算を用いて明らかにしました。 

なお、この研究成果は、2023年 10月７日（土）午前 1時（日本時間）に英国の科学オープンアクセ

ス誌「Scientific Reports (Springer Nature社)」に掲載されました。 

 
＊1確率共鳴現象： 非線形システムにおいて、外部の確率的なノイズが存在する条件下で、システムの性能や感度が

最適になる現象を指します。具体的には、確率的なノイズがシステムに追加されると、システムの

出力が増幅され、信号検出や情報伝達などのタスクに対する性能が向上することがあります。 
＊2電気対流系： 液晶層内の電場が十分に強い場合、クーロン力が液晶の粘弾性力に打ち勝ち系内に不安定性が引

き起こされ、異方性流体（液晶）の運動が誘発される現象を示すシステムです。  

＊3カラーノイズ 

（Colored noise）： 

通常のホワイトノイズは、全ての周波数成分が均等に分布しているランダムな信号であるのに対

し、カラーノイズは特定の周波数帯域でエネルギーが強化または減衰されたノイズを指します。

本研究では Low-Pass Filterで制御したカラーノイズを使用しています。 
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Control of stochastic and inverse 
stochastic resonances 
in a liquid‑crystal electroconvection 
system using amplitude and phase 
noises
Jong‑Hoon Huh *, Masato Shiomi  & Naoto Miyagawa 

Stochastic and inverse stochastic resonances are counterintuitive phenomena, where noise plays 
a pivotal role in the dynamics of various biological and engineering systems. Even though these 
resonances have been identified in various systems, a transition between them has never been 
observed before. The present study demonstrates the presence of both resonances in a liquid 
crystal electroconvection system using combined amplitude and phase noises, which correspond 
to colored noises with appropriate cutoff frequencies (i.e., finite correlation times). We established 
the emergence of both resonances and their transition through systematic control of the 
electroconvection threshold voltage using these two noise sources. Our numerical simulations were 
experimentally confirmed and revealed how the output performance of the system could be controlled 
by combining the intensity and cutoff frequency of the two noises. Furthermore, we suggested the 
crucial contribution of a usually overlooked additional phase noise to the advancements in various 
noise‑related fields.

Stochastic resonance (SR) is an attractive counterintuitive phenomenon induced by noise combined with a 
deterministic  signal1, which enhances the output performance of unknown weak signals below the threshold 
of detection tools. Usually, SR shows a maximal output performance peak corresponding to the signal-to-noise 
ratio at a moderate optimal noise level. Since Benzi et al. first suggested this phenomenon and its underlying 
mechanism in a study on ice-age  cycles2,3, SR has been extensively investigated in various fields, including 
 physics4,5,  chemistry6,7,  biology8,9, information  technology10,11, and brain  science12,13. By contrast, an opposing 
phenomenon known as the inverse SR (ISR) was initially discovered in a neural  system14–16, showing a minimal 
output performance peak at a moderate optimal noise intensity. Later, ISR was also reported in other systems 
such as ecological systems and during electroconvection (EC)17,18.

The mechanisms of both  SR1 and  ISR19 are generally described using an expanded Langevin equation as 
follows:

In standard SR, the presence of a weak deterministic signal (i.e., A0 ≠ 0) and noise ζ(t) dictates that the 
potential function ϕ(x) for the system of interest must be bistable (i.e., two stable minima)1. Conversely, ISR can 
be obtained in the absence of a weak deterministic signal (i.e., A0 = 0) if the two minima have different depths 
and widths. Consequently, the reflection symmetry (x →  − x) in the quartic double-well potential is broken for 
 ISR19, whereas the deterministic signal (A0 ≠ 0) breaks the symmetry in SR. In other words, the symmetry-broken 
potential is periodic (Ω ≠ 0) for SR and stationary (Ω = 0) for  ISR19. In contrast to the standard SR introduced by 
Benzi et al., Sutera suggested a pure noise-induced transition (A0 = 0) to explain the ice-age  cycles20. Interestingly, 
nonstandard SR was also  observed19 in the absence of a signal (A0 = 0), which is often referred to as coherent 
 resonance1. Breaking the reflection symmetry of the two-minimum potential is essential to generate standard 

(1)
dx

dt
= −∂[φ(x)− A0x cos�t]

∂x
+ ζ(t).
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SR and ISR. Moreover, the noise ζ(t) in Eq. (1) is additive, i.e., independent of the variable x21,22. Similarly, mul-
tiplicative noise ξ(t) [i.e., xξ(t)] can provide  SR22–24 and  ISR17.

To the best of our knowledge, SR and ISR have never been observed concurrently in any actual system. To 
expand the use of SR and ISR into advanced applications, it is necessary to control both resonances and provide 
a transition between them, enabling the subsequent control of both desired and undesired system performances 
according to actual needs. In our previous studies, we confirmed the presence of both  SR25 and  ISR17 indepen-
dently in a nonequilibrium system using different noises, i.e., phase noise for SR and amplitude noise for ISR. In 
the present study, we appropriately combined these two types of noise in order to control both resonances and 
the transition between them. In addition to the commonly used amplitude noise, our method utilized the usually 
overlooked phase  noise25,26. Moreover, we used a colored noise with a finite autocorrelation time (τc ≠ 0)17,21,22,27–31, 
instead of the conventional quasi-white noise (τc ≈ 0)2–13,27.

In this report we demonstrate the transition between SR and ISR via a smooth variation of the output per-
formance using ac-driven electroconvection in a nematic liquid crystal (NLC)32–36. Our findings show how to 
control monotonic and nonmonotonic variations of the EC threshold using colored amplitude and phase noises. 
The unusual nonmonotonic behavior of the threshold confirms the presence of both SR and ISR, providing 
maximal and minimal peaks of the EC pattern performance by efficiently facilitating and suppressing EC around 
a moderate optimal level of the amplitude and phase noises.

In this numerical study, the threshold voltage Vc of the EC was calculated using the one-dimensional 
Carr − Helfrich equations as  follows32–35:

Here, q(t) and ψ(t) represent the space-charge density and curvature (ψ = ∂φ/∂x) of the director for the devia-
tion angle φ from the initial director n0 (//x̂ ) at V = 0, respectively (Fig. 1a), and n corresponds to a unit vector 
indicating a locally averaged direction of the rod-like molecules of NLCs. The values of τ, σH, λ, E0

2, and η are 
determined by material parameters such as the electric and viscoelastic properties of the NLC with a thickness 

(2)q̇+ q

τ
+ σH

V(t)

d
ψ = 0,

(3)ψ̇ + �

[

E20 +
(

V(t)

d

)2
]

ψ + q

η

V(t)

d
= 0.

Figure 1.  Colored noises-induced threshold variation of ac-driven electroconvection (EC). (a) A schematic 
representation of EC driven by Coulomb forces on electric charges (blue circle with plus sign, red circle with 
minus sign) in a nematic liquid crystal (NLC). The rods in the vortices of EC indicate the director n of the NLC. 
Above a threshold Vc, EC is observed as a roll pattern (i.e., Williams domain) in the xy plane, which results 
from the periodic director angle φ(x). (b) Original sinusoidal voltage V(t) (i.e., ϕN = VN = 0) (top) and voltages 
superposed by amplitude noise (i.e., ϕN = 0, VN ≠ 0) (middle) and phase noise (i.e., ϕN ≠ 0, VN = 0) (bottom). 
(c) Threshold voltage Vc as a function of phase-noise intensity ϕN. (d) Threshold voltage Vc as a function of 
amplitude-noise intensity VN. (e) Experimental system for EC under two noise sources (NG-1 noise generator 
for amplitude noise, NG-2 noise generator for phase noise, SWG sinusoidal wave generator, A amplifier, C 
combiner). The functions of Vc(ϕN) and Vc(VN) highly depend on the cutoff frequency fc of the colored noise. 
In (c), nonmonotonic Vc(ϕN) is observed for fcp ~ fcp

* of phase noise, indicating stochastic resonance (SR). In 
(d), reversed nonmonotonic Vc(VN) is observed for fca ~ fca

* of amplitude noise, indicating inverse stochastic 
resonance (ISR). See  Refs17,25. for our previous results [Vc(VN) and Vc(ϕN)] and corresponding EC pattern 
changes.
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d. To examine the behavior of Vc in the presence of noise, we used an electric voltage V(t) with amplitude and 
phase noises, as shown in Eq. (4):

Here, ξp(t) and ξa(t) correspond to phase and amplitude Gaussian-colored noises with cutoff frequencies fc = 1/
(2πτc), respectively, and ϕN and VN =

√

< (ANξa(t))2 > are the amplitude and phase noise intensities, respec-
tively. Technically, fc can be controlled by low pass  filters25,27. Hereafter, fcp and fca indicate the cutoff frequencies 
for the phase and amplitude noises, respectively. In the EC system, the two noises superimposed on an initial ac 
field (Fig. 1b) is  multiplicative17,22,24,37 because V(t) is directly coupled with the angle φ [in Fig. 1a for ψ = ∂φ/∂x 
in Eqs. (2) and (3)]. The EC arises from φ = 0 (for V < Vc) to φ ≠ 0 (for V > Vc). Here, the additive noise ζ(t) in 
Eq. (1), corresponding to the thermal fluctuations in the NLC, can be neglected because it affects considerably 
less EC than the multiplicative  noise36,38.

To better understand the present results, the Vc variations obtained using a single noise intensity (i.e., ϕN 
or VN) are schematically presented in Fig. 1c, d, as reported in our previous  results17,25. Figure 1c shows that 
a colored phase noise with ϕN (fcp ~ fcp

*) at a fixed initial signal V0 (with a fixed f0) triggers the nonmonotonic 
behavior of Vc(ϕN), indicating  SR25. The characteristic cutoff frequencies fcp

* and fca
* are highly dependent on f0 

(e.g., fcp
* < 2f0 and fca

* < 20f0 for a typical NLC; p-methoxybenzylidene-p’-n-butylaniline (MBBA) was used in this 
study), and their applicable frequency range is fc

* ± Δfc (e.g., Δfcp =  ± 0.5fcp
* and Δfca =  ± 0.5fca

* for MBBA). Vc(ϕN) 
demonstrates a minimal peak at ϕN

* that provides the maximal difference between V0 and Vc (i.e., α = V0 − Vc) 
at ϕN

*. Thus, the maximal performance of the EC pattern is obtained at ϕN
*, resulting from a maximal angle φ 

(Fig. 1a). Accordingly, a rest state (φ = 0) held at ϕN = 0 (i.e., α < 0) changes into EC (i.e., α > 0) when ϕN increases, 
which then disappears at high ϕN (i.e., α < 0). Therefore, the performance (φ) of the EC patterns showed a typi-
cal bell-shaped type for  SR25. Conversely, as shown in Fig. 1d, a colored amplitude noise VN (fca ~ fca

*) provides 
a reversed nonmonotonic function Vc(VN) that indicates  ISR17. Thus, EC (φ ≠ 0) generated at VN = 0 (i.e., α > 0) 
disappears (i.e., φ = 0) around VN = VN

* (i.e., α < 0) and then reappears (i.e., φ ≠ 0) at VN >> VN
* (i.e., α > 0). In 

contrast to noise with fcp ~ fcp
* (and fca ~ fca

*), noise with fcp > fcp
* (and fca > fca

*) induces a monotonic increase in 
Vc(ϕN) [and Vc(VN)], whereas noise with fcp < fcp

*(and fca < fca
*) induces a monotonic decrease in Vc(ϕN) [and 

Vc(VN)], as shown in Figs. 1c and 1d, respectively. In these cases, SR and ISR cannot be obtained. For extremely 
high fc [i.e., white noise with fcp → ∞ (and fca → ∞)], the occurrence of EC is suppressed by the completely random 
action of noises on the motion of q and ψ in Eqs. (2) and (3)37,39. Note that although SR and ISR can be found 
independently, they do not transit between each other.

Results
Numerical results for the EC threshold
The EC threshold (Vc) was examined in the presence of both noises. Figure 2 demonstrates the phase noise-
induced behavior of Vc(ϕN) for different amplitude noise intensities VN. Considering that the three cases of 
Vc(ϕN,VN = 0) depend on fcp (Fig. 1c), we examined Vc(ϕN) at VN > 0 for fcp > fcp

*, fcp < fcp
*, and fcp ~ fcp

*, as shown 
in Fig. 2a–c, respectively. We also considered Vc(ϕN) at VN = 0 for each case as a reference. As shown in Fig. 2a, 
Vc(ϕN), which shows a monotonic increase at VN = 0, dramatically changes with increasing VN and provides a 
nonmonotonic Vc(ϕN) for VN ≥ 6 V. However, for higher values of VN (> 17 V), Vc(ϕN) exhibits a monotonic 
decrease. This result indicates that VN can change the phase noise-induced monotonic increase in Vc(ϕN) into 
nonmonotonic behavior, indicating SR. Consequently, VN can control Vc(ϕN) by using an appropriate combi-
nation of noises. In contrast, no remarkable change in Vc(ϕN) was observed at fcp < fcp

* (Fig. 2b). Moreover, in 
the case of fcp ~ fcp

* (Fig. 2c), the nonmonotonic Vc(ϕN) was maintained up to an appropriate intensity VN but 
disappeared at higher VN values (≥ 19 V). In Fig. 2, we used a colored amplitude noise with fca < fca

* to obtain 
the abovementioned results. In addition, a different behavior of Vc(ϕN) was obtained when a colored amplitude 
noise with fca > fca

* or fca ~ fca
* was used (see below).

The amplitude noise-induced behavior of Vc(VN) for different phase intensities ϕN is shown in Fig. 3. This fig-
ure demonstrates more dramatic changes in Vc(VN), which indicate a transition between SR and ISR. In the case 
of fca ~ fca

* and fcp ~ fcp
* (Fig. 3a), an increase in ϕN induced smooth changes to the nonmonotonic Vc(VN), which 

indicates ISR for small ϕN values, to an almost constant Vc(VN) and then to a reversed nonmonotonic Vc(VN), 
indicating SR. Moreover, in the case of fca ~ fca

* and fcp < fcp
* (Fig. 3b), a similar change was observed; however, the 

detail of Vc(VN) was different in each case. For example, an intersection of Vc(VN) was found for fcp ~ fcp
*(Fig. 3a), 

indicating that a peculiar value of Vc could be determined by two ways using different ϕN (at a fixed VN).
Finally, Vc(ϕN) and Vc(VN) in the fca and fcp plane are shown in Fig. 4a, b, respectively. The case11 (C11) pre-

sented in Fig. 4a indicates the Vc(ϕN) shown in Fig. 2a, whereas C32 presented in Fig. 4b indicates the Vc(VN) 
shown in Fig. 3b. For Vc(ϕN), SR appears for wide regions of fcp and fca by controlling VN, except for fcp < fcp

* − Δfcp. 
For Vc(VN), SR and ISR appear concurrently, and their transitions are indicated by the constant behavior symbol 
[although limited to narrow regions of fca (i.e., fca

* − Δfca < fca < fca
* + Δfca)]. In addition, an almost constant behavior 

of Vc(VN) was found during the transition between SR and ISR for fca
* − Δfca < fca < fca

* + Δfca and during the change 
between monotonic increase and decrease for fca > fca

* + Δfca.

Experimental results for SR and ISR
In an electro-optical system for  EC35,36, we observed the emergence of SR and ISR by controlling both noises 
(i.e., ϕN and VN) with appropriate fcp and fca values. For reference, a conventional pattern evolution with increas-
ing ϕN (at VN = 0) was found at V0 = 18.8 V [> Vc(VN = 0) = 17.8 V], as shown in Fig. 5a [see the corresponding 
Vc(ϕN, VN = 0) in Fig. 2a]. Since α decreased with increasing ϕN, the performance of EC patterns (or optical 

(4)V(t) =
√
2V cos

[

2π f0t + φNξp(t)
]

+ ANξa(t).
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intensity I ∝ φ2)40 decreased with increasing ϕN. Then, EC disappeared at ϕN = 40° for α < 0 (i.e., V0 < Vc). Such 
a pattern evolution is trivial and intuitive in the presence of conventional noise. Conversely, at V0 = 16.5 V 
[< Vc(VN = 5 V) = 17.1 V], SR was found, as shown in Fig. 5b [see the corresponding Vc(ϕN, VN = 12 V) in Fig. 2a]. 
By increasing ϕN, α < 0 changed to α > 0 and then again to α < 0. Thus, EC smoothly appeared and disappeared 
with increasing ϕN. The EC performance (i.e., φ) showed a typical bell-shaped curve (i.e., SR), which is similar 
to the SR obtained from a single phase  noise25.

Figure  5c shows a unique pattern evolution with increasing VN at ϕN = 90° and V0 = 18.3  V [> Vc 
(VN = 0) = 17.8 V]. A typical reversed bell-shaped curve of the EC performance indicating ISR was observed, which 
is similar to that of the ISR obtained from a single amplitude  noise17. In addition, the present patterns at high 
VN (= 6 − 8 V) showed localized ECs, which were not observed in a previous study based on a single amplitude 

Figure 2.  Behavior of Vc(ϕN) for various amplitude-noise intensities VN with fca < fca
*. In the case of f0 = 2.5 kHz 

and fca = 100 Hz (< fca
* ≈ 1 kHz), Vc was determined using the phase noise with (a) fcp = 1 kHz (> fcp

* ≈ 100 Hz), 
(b) fcp = 50 Hz (< fcp

*), and (c) fcp = 100 Hz (≈ fcp
*). A nonmonotonic Vc(ϕN) [e.g., at VN = 12 V in (a,c)] indicates 

SR, as shown in Fig. 1c. When VN is increased, a monotonic increase in Vc(ϕN) in (a) smoothly changes into a 
monotonic decrease through a nonmonotonic behavior. In contrast, the nonmonotonic behavior of Vc(ϕN) in (c) 
changes into a monotonic decrease for high VN (≥ 19 V).
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 noise17. Such localized patterns are attributed to the combined effect of both noises, indicating that comparatively 
high intensities of both noises may play a role in EC pattern structures as well as EC thresholds. In localized 
ECs that are stationary (not transient), a noise-induced abnormal distribution of electric charges for ECs may 
 occur41, which can be distinguished from the normal distribution of conventional  ECs34. Such localized ECs are 
beyond the scope of our analysis using Eqs. (2) and (3). Evidently, our experimental observations revealed the 
crucial effects of colored amplitude and phase noises on the generation of both resonances through the smooth 
variation of the EC threshold. Unfortunately, the transition between SR and ISR (Fig. 3) was not observed due 
to experimental limitations, such as material parameters [e.g., τ, σH, λ, and η in Eqs. (2) and (3)] that are highly 
sensitive to Vc but difficult to tune to the values in the numerical study.

Discussion and conclusion
During the last four decades, SR has been intensively investigated in useful concepts of  randomness42 and exten-
sively applied for noise  benefits42–44. In this study, we presented an SR transitioned from ISR which has been 
less addressed so far in the literature. By examining the threshold of ac-driven EC, we showed that a suitable 
combination of colored amplitude and phase noises could induce the emergence of both resonances and the 
transition between them. Therefore, we demonstrated that SR and ISR, which have been independently reported 
so far, could be handled in a single framework. A recent numerical study on the co-occurrence of SR and  ISR16 
reported in a neural system should be distinguished from this study. Such co-occurrence implies that an ISR 
exhibiting the minimal output for one performance measure (mean firing rate) can induce an SR exhibiting the 
maximal output for another performance measure (mutual information). Note that colored noise can vary the 
probability density of the state of systems, which is governed by the Fokker–Planck  equation45. According to the 
correlation time of colored noise, the probability density distribution can also provide two peaks for two possible 
states (φ = 0 and φ ≠ 0 in this study)45.

Figure 3.  Behavior of Vc(VN) for various phase-noise intensities ϕN. In the case of f0 = 2.5 kHz and fca = 1 kHz (≈ 
fca

*≈ 1 kHz), Vc was determined using the phase noise with (a) fcp = 100 Hz (≈ fcp
*) and (b) fcp = 50 Hz (< fcp

*). The 
nonmonotonic Vc(VN) [e.g., at ϕN = 140 deg in (a,b)] indicates SR. Furthermore, the reversed nonmonotonic 
Vc(VN) [e.g., at ϕN = 0 in (a,b)] indicates ISR, as shown in Fig. 1d. With an increase in the ϕN, the nonmonotonic 
behavior of Vc(VN) smoothly changes to reversed nonmonotonic behavior by exhibiting a nearly constant 
behavior [at ϕN = 60 deg in (a) and ϕN = 80 deg in (b)]; thus, a transition from ISR to SR is found by increasing 
ϕN.
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In the Carr–Helfrich mechanism of ac-driven  EC32–36, the combined electric noises can play critical roles 
in the occurrence of EC through their effects on the motion of electric charges (by Coulomb force against the 
electro-elastic restoring force of the NLC) and vary the EC threshold. In particular, in the appropriate conditions 
of correlation times and intensities of the two noises, their roles can contradict each other, i.e., one may suppress 
EC and the other may promote EC. Consequently, this competition between the noise-induced stabilization and 
destabilization effects on EC is the underlying reason for the emergence of both resonances and their transition. If 
there exists a nonequilibrium, free energy-like  potential46 with its minima at φ = 0 and φ ≠ 0 (i.e., a rest state and 
a convection state, respectively), which correspond to an ice state and a warm state, respectively, in the study of 
ice-age  cycles2,3, such a potential should be investigated along with its symmetry  breaking1,19 to understand the 
detail of the competition mechanism; and this is an important open question. Our numerical and experimental 
findings suggest that the control of SR and ISR by combining amplitude and phase noises can be very useful for 
electrical applications, such as sensing  technologies36,47,48 and brain  science12,13, for which additional phase noise 
can be readily introduced. Furthermore, the transition between SR and ISR may provide effective controls for 
desired and undesired performances in various related  fields49,50.

Figure 4.  Phase diagrams of Vc in the fca and fcp planes. (a) Vc(ϕN) for various VN values. Notably, the symbols 
indicating Vc(ϕN) are arranged in the order in which VN increases from top to bottom. Case11 (C11), C21 and 
C31 correspond to Fig. 2a, c, b, respectively. (b) Vc(VN) for various ϕN values. The symbols indicating Vc(VN) 
are arranged in the order in which ϕΝ increases from top to bottom. C12 and C32 correspond to Fig. 3a, b, 
respectively. The symbols filled triangle, downward filled triangle, and filled rectangle indicate monotonic 
increase, monotonic decrease, and constant behavior of Vc, respectively; blue circle filled at bottom and red 
circle filled at top indicate nonmonotonic and reversed nonmonotonic behavior of Vc, providing SR and ISR, 
respectively. In this numerical study, f0 = 2.5 kHz, fca

* ≈ 1 kHz, fcp
* ≈ 100 Hz, Δfca ≈ 500 Hz, and Δfcp ≈ 50 Hz. See 

Supplementary Information for details.
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Data availability
The data that support the findings of this study are available from the corresponding author upon reasonable 
request.

Received: 30 May 2023; Accepted: 3 October 2023

Figure 5.  EC pattern evolutions with increasing ϕN or VN. ECs were observed at f0 = 1.5 kHz in a cell (MBBA, 
d = 25 μm). Phase noise ϕN with fcp = 2 kHz smoothly increased when (a) V0 = 18.8 V and VN = 0 and (b) 
V0 = 16.5 V and VN = 5 V with fca = 1 kHz. (c) Amplitude noise VN with fca = 4.5 kHz smoothly increased when 
V0 = 18.3 V and ϕN = 90 deg with fcp = 1.6 kHz. Notably, (a,b) show pattern evolutions for Vc(ϕN) at VN = 0 and 
VN = 12 V in Fig. 2a, respectively, and (c) indicates that for Vc(VN) at ϕN = 20 deg in Fig. 3b. SR and ISR are 
observed in (b,c), respectively. See Supplementary Information for details.
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Supplementary Methods 

Numerical calculation.  We used the discrete fourth-order Runge-Kutta method in a versatile software package (MATLAB 

R2020b) to determine the threshold voltage Vc of electroconvection (EC) from the governing Carr-Helfrich Eqs. (2) and (3). 

Vc can be determined as the lowest value V in the numerical loop with an increment of V = 0.1 V for which the director angle 

 does not relax to zero [34]. The colored noise, with a cutoff frequency fca for amplitude noise or fcp for phase noise, was 

provided by a built-in frequency filtering program within the software. The parameters for the nematic liquid crystal (NLC) 

[i.e., p-methoxybenzylidene-p'-n-butylaniline (MBBA)] and the control parameters are shown in Table 1 [34,35]. 

 
Table 1. Material and control parameters used in this study. 

material parameters (SI units) *1) control parameters 

calculation experiment    calculation experiment 

 / /       4.605 

⊥        5.032 

 

5.16 

f0       2.5 kHz 

V0      10−50 V 

1.5 kHz 

 10−20V 

 / /      6.14×10−8 

⊥    5.13×10−8 

 

1.13×10−8 

fcp   0.05−5 kHz 

fca   0.05−2 kHz 

1.6 kHz 

4.5 kHz 

1        0.0755 

2      −0.0785 

v       0.1986 

  

N   0−180 deg 

     

 

0−180 deg 

 

       6.53×10−12 

k      1.26×105 

 VN     0−20 V 0−10 V 

*1) see Refs. 34 and 35 for the details of parameters for Eqs. (2) and (3): conductivity anisotropy a = // − ⊥, dielectric anisotropy a = // − ⊥, charge relaxation 

time  = (0//)//, director relaxation constant , Helfrich parameter H, equivalent field E0 including elastic constant K33 and wavenumber k of EC, and effective 

viscosity  determined by real viscosity constants 1, 2 and v: 
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In general, the threshold voltage Vc can be calculated in the pure ac field with a frequency f0 by the following equation: 

2 2 2 2 2 2 2 2 2
c 0 0 0 0( ) (1 4 ) /[ (1 4 )]V f V f f    = + − + .                        

Here,  and  correspond to the charge relaxation time and the Helfrich parameter, respectively [34,35]. In the presence of 

noise [Eq. (4)], the variation of Vc was numerically determined as a function of the amplitude noise intensity VN and the phase 

noise intensity N.  
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 Experimental procedure.  A typical NLC (i.e., MBBA) [34,35] was injected into a planar alignment cell with two parallel 

transparent indium tin oxide electrodes (E.H.C., Ltd, Japan). In this cell, the director n (|n| = 1, n ≡ −n), which indicates a 

locally averaged direction of rod-like molecules in the NLC, homogenously tends to the preferred direction (the x axis in this 

study) before EC (i.e., for V < Vc). The application of an initial voltage 
0 0 0( )[ ( ) 2 cos2 ]V t E t d V f t= = across the thin NLC 

layer with a thickness d (d = 25 m in this study) [E(t) // ẑ] electrohydrodynamically destabilizes the anisotropic fluid (i.e., 

NLC) by the Carr-Helfrich mechanism [32-36]. The EC was observed at Vc by the lens effect of the periodic director 

modulation [35,36]. The function Vc(f0) was experimentally confirmed in one- [51,52] and two- [35,36,53] dimensional cells. 

To generate colored amplitude and phase noises, two noise generators (HSA4051, NF) were used, which could control the 

cutoff frequencies fca and fcp through low pass filters [54,55]. The filters allow low-frequency components to pass through but 

attenuate components with frequencies higher than fca and fcp. The noise generated by NG-2 was introduced into the original 

wave generator SWG (WF1974, NF), which played a role as phase noise; the amplitude noise was generated by NG-1and 

combined through a combiner (50PD-016, JFW) with the voltage modulated by phase noise, as shown in Fig. 1e. The optical 

patterns for EC were observed in the xy plane using computer-controlled image software (Scion Image) and an image-capture 

board (PCI-VE5, Scion Corp.) together with a charge-coupled device camera (XC-75, Sony) mounted on a polarizing 

microscope (ML9300, Olympus). The experiment was carried out at a stable temperature (T = 25 ± 0.2 oC) using a temperature 

controller (TH-99, Japan Hightech). 
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Supplementary FIG. (a) The threshold function Vc(N) for various VN values in the fca and fcp plane. This 
corresponds to Fig. 4a. 
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Supplementary FIG. (b) The threshold function Vc(VN) for various N values in the fca and fcp plane. This 
corresponds to Fig. 4b. 
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